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Abstract. We consider a relativistic superalgebra in the picture in which the time and spatial derivative
cannot be presented in the operators of the particle. The supersymmetry generators as well as the Hamilton
operators for the massive relativistic particles with spin 0 and spin 1/2 are expressed in terms of the
principal series of the unitary representations of the Lorentz group. We also consider the massless case.
New Hamilton operators are constructed for the massless particles with spin 0 and spin 1/2.

1 Introduction

The aim of the present paper is to construct a relativistic
supersymmetry algebra in the generalized Schrédinger pic-
ture which has been proposed in [1]. In this generalization
the analogue of Schrodinger operators of the particle are
independent of both the time and the space coordinate,
t and x. The derivatives d; and V4 cannot be presented
in these operators. This picture is based on the principal
series of the unitary representations of the Lorentz group.
The non-unitary representations are not useful in the gen-
eralized Schrodinger picture. For a supersymmetric model
in this approach it is necessary to develop a new mathe-
matical formalism in which the supersymmetry generators
are expressed in terms of the principal series of the space-
time independent representations of the Lorentz group.
The principal series correspond to the eigenvalues 1 +
a? =X (0<a<oo, A= —s,..,8 &=spin) of the
first C; = N? — J2 (N, J are boost and rotation genera-
tors) and the eigenvalues a of the second Casimir opera-
tor Cy = N - J of the Lorentz algebra [2-4]. For a particle
with spin 0 as the eigenfunctions of C; in the momen-
tum representation (p = momentum, py = y/m?2 + p2,
m = mass) one can choose the functions (we use here the
notation of [1])
—1+ic
K

€(p.m) = 5o [(om) /) ()

where n is a vector on the light-cone n3 — n? = 0. For a
particle with spin 1/2 the eigensolutions of both operators
C:1 and Cy may be written in the form

/2 (p,a,n) = DU/? (p,n)

XD(l/Q)(n)ﬁ(O)(p,a,n), (1.2)

where
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_ pn+m —io-(pxn)

W2 (5 n
D = e T

Di/2)(p, 1) DU/ (p,m) = 1, (1.3)
and the matrix D('/?)(n) contains the eigenfunctions of
the operator o - n (DT(1/2)(n)D(/?)(n) = 1).

From the point of view of a supersymmetric model
the matrices D('/?) (p,n) D(/?)(n) in (1.2) and DT(1/2)(n)
x D1(1/2)(p,n) in

DI/ () DI/ (p,n)¢"/?) (p, a, n)
= 5(0) (p7 a’ n)’

may be regarded as matrices which realize supersymme-
try transformations. In this paper we use these matrices to
construct a supersymmetry algebra in terms of the group
parameter o and the vector on the light-cone n. This paper
is set out as follows. First we quote the necessary results
from the Poincaré algebra for the particles with spin 0 and
spin 1/2 in the a n representation. In Sect. 3 in this repre-
sentation the supersymmetry generators are constructed.
In Sect.4 the massless case is considered. In this section
the supersymmetry generators will be used for the con-
struction of the Hamilton and momentum operators for
the massless particles with spin 0 and spin 1/2 in the an
representation.

(1.4)

2 The Poincaré algebra

The plane waves ~ exp[—izp| in the states in the gen-
eralized Schrodinger picture appear in different represen-
tations. There is no x representation. Consequently, the
spatial derivative —iVy cannot be used to construct the
Hamilton and the momentum operators of the particle.
For these operators in this approach one must use a space-
time independent representation. Here for the massive rel-
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ativistic particles with spin 0 and spin 1/2 we use the fol-
lowing operators. In [5] it was shown that the functions
(n = (sin @ cos ¢, sin fsin @, cos §))

€0p.am) = G lm)/m 7 @)

are the eigenfunctions of the differential-difference opera-
tors (L(n) := L)

0 i 0
0 _ . 0 1. . O
H m {cosh (1 8a> + 5 sinh (1 8a>

L2 .0
+ﬁ exp (lé'aﬂ , (2.2)
PO =n {H(O) — mexp (ia)]

(oo’

—mDXL exp (ia) (2.3)
0
These operators satisfy the conditions
H(O) g*(O) (p7 «, Il) = Do 5*(0) (pa a, n)7

PO ¢ O(p,a,n) = p&(p,a,m). (2.4)

In [6], in order to construct the Hamilton H(/?) and
the momentum operators P1/2) for a relativistic parti-
cle with spin 1/2 in the an representation the functions
(€2 (p, o, m) are the eigenfunctions of C})

¢ (p,a,n) = D1/ (p,n)¢*(p,a,n),  (2.5)
and the conditions
H(l/g) ET(1/2) (p7 «, n) = Po ET(1/2) (p7 «, n)7
P/ et/ (p . n) = p&'/P(p,a,n), (26)

were used. The operators H(1/2) and P(1/2) have the form
(302 =1+ 0/2)

ap _m|(elat)+ @2 D
o = 3 | (SR ) ()

4

3i
— 3 B L+1
il SO (_i> _ob+l
a (@2+ 1)

“me (i) o i
2a(nxL) + (o —i/2)nxo + (no)L

2(a% + 1/4)

()]

If in addition to H®) and P®) (s = 0,1/2) we use the
operators of the Lorentz algebra

, (27)

(2.8)

JO =1,

NO = an+ (n x L —L xn)/2, (2.9)
JW2 — 14 %
N1/2) — gn + (n x J/2) _ 3(/2) n)/2, (2.10)
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then we have the Poincaré algebra in the spacetime inde-
pendent an representation

[NZ-(S),PJ-(S)} = zéin(s), [Pi(S)’ H®) =0,
[H® N®) = P, (2.11)
PO PO =0, (19 HO) =0,

P 0] = e L, (2.12)
I, T = e d Y, NG NS = e dt,
NG, ] = 0 NS (2.13)

For this reason the operators H(©) P and H(1/2) p(1/2)
in the generalized Schrédinger picture can be identified
with the Hamilton and momentum operators for the mas-
sive relativistic particles with spin 0 and spin 1/2, respec-
tively.

In order to define the Hamilton and the momentum
operators for the spin-1/2 particle one can also use the
functions

¢t/ (p,a,n) = DI/ ()t (p a,m).  (2.14)
On the basis of these functions
H/2 /2 (p o n) = py €12 (p, a,m),
P12 et/ (p o n) = p /2 (p,a,n), (2.15)
where
g1/2) — pt/2) (n)H2 DO/ (),
P1/2) DT(I/Q)(n)P(l/Q)D(l/Q)(n). (2.16)

In the Poincaré algebra in this case instead of J(1/2) N(1/2)
we have

F1/2) — pt(/2) (30112 p(i/2) ),

N(1/2) = pt/2)(n)N0/2 p(/2)(p). (2.17)

Below we use H© PO JO) NO and I?(l/z), f’(1/2),
J/ 2), N1/2) to construct the supersymmetry generators.

3 Supersymmetry generators

In [6] the Hamilton operator H(}/?) was constructed with
the help of the operator

id
B=+vm [2cosh (2&1)

w i (3|

This operator was obtained by means of replacing in the

matrix (1/2(po + m)) D1/ (p, n) the quantity po by H(®)
and the quantities p by P(©):

(3.1)

£H/D(p o n) = &P, an)

2(po +m) 62



R.A. Frick: A relativistic superalgebra in a generalized Schrodinger picture

Another operator for which

KB=2H® +m), BK=2HY?1m), (3.3)
has the form
. 9 .
K=+vm [2 cosh (;;}) + Elsinh (;ai)
io - LL id
—— . 34
+ exp (2 8&)} (3.4)
Introducing the operators
B=D'"2m)B, K=KDY?m), (3.5
we obtain
KB=2H® +m), BK=2HY?+m). (3.6)

Considering the eigenfunctions of H(® and H/? a5 su-

perpartner one can define B and K as operators which
realize the following supersymmetry transformations:

B¢ (p,a,n) = v/2(po + m)¢' /2 (p,a,m),  (3.7)
K& (p,a,m) = /2(po + m)e* @ (p,a,m). (3.8
Using the anticommuting operators
0 K 0 K
Ql:(’é 0)’ Q2=<_Z§ 0 )
we have the relations
Q1 = Q2" = 2(H +m), (3.9)
[H,Q:] =0, [H,Q2]=0, (3.10)

where
(0)
H = " ~O .
0o H1/2

With the help of 1, Q2 and
JO 0 N© o
“\ o0 Jw2 |- —\ o N2 |

one can construct other supersymmetry generators. The
generators

Qi = [Q1, Jl], Q2 =

may be expressed in the form

o 0 o0,K/2 o 0 10,K/2
Qh_(—gai/Q 0 ) QQZ_(ZEUZ-/2 0 )

from which we can find that (r = 1,2)

{Qri, Qri} =

Q2 Ji], (3.11)

—(H + m), (3.12)
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1
[Q'I‘h Jl] = ZQT? [Ha QTZ] = Oa (313)
and for i # j # k
1
(Qri, J;] = §€iijrk- (3.14)
For the commutators [Q1, N;] and [Q2, N;] we have
[Q1,Ni] := Gy, [Q2, Ni] := G, (3.15)
and we obtain the relations
{Gri, Gy} = —(H —m)diy, (3.16)
PO g _
{Qra Grl} = -2 < 0 ﬁ(l/Q) = *QIP,L‘,
[Ha GTZ] = 07 [P7 QTZ] = 07 [P7 GTZ] = 07
1
[Gr1, N1] = _ZQT) (3.17)
and (i # j # k)
) ?
[Gi, N;j| = —§€iijrk, (Gri, J;] = ieijkGrka
1
[@ri, Nj] = §6ijkG7-k- (3.18)
We write down the explicit form of Gy;:

— m i + i)qe (1/2) (n
Chi= (mD“l/?Manm% + (910)21) e )12“%1 B )) "
where

N [iNi(O) + (0 x No)i] g
(914)12 = 50 exp (2804)’ (3.19)
N [iNi(l/ D nif2— (0% N(O))Z}
(910)21 = 2(a — 1/2)
i
- 3.20
(1) o
and
_ a—i, | id
(910)12 = 50 [—in; + (n X 0);] exp ~3%a ) (3.21)
__7[—ini—(n><a)i] id
(91i)91 = 5 exp 590 )" (3.22)

The supersymmetry generators which are inroduced in
this section give a connection between the states for the
massive particles. The mass in the explicit form appear in
(3.9), (3.12) and (3.16) in the operator product

io io
exp _58704 exp 5870[ .

For the mass-zero particles we must exclude this term.
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4 Massless case

In order to construct the supersymmetry generators for
the mass-zero particles we separate B and K in two parts

corresponding to the operators exp (%%) and
exp (—%a%), respectively

B+ — mptas?) __lo-L i0

B = vaD A 1= T e (500,

- _ pta _io

B = yiD (nﬁmp( 26@), (4.1)

~+: OZ+1+IUL (1/2) l 3

R = v | TR e (5

~ a—1 iod

K™ = —— | D2 ——). 4.2

Vi | S S p0 e (<5 5L ). a2

With the help of these operators one can construct two
types of representations of the supersymmetric genera-
tors: representations with §+7 K+ and representations
with B~, K~. In (4.1) and (4.2) we have introduced a
constant p with the dimension of mass in order to deal
with dimensional operators.

Let us first start with the case of B*, K+.In Q, we re-
place B by B and K by K+. The results can be obtained
from formulas (3.9) to (3.18) by substituting

QT_>Q:’_7 Qri%QJr = [Q+ ]
Grni—Gl = [QF, Ni], (4.3)
Qli = San )
—-B 0'7;/2 0
o 0 NZDIALEEIAY
t VDT (0)[(g10)3] 0
From
+(0)
+2 _ o ( Ho 0 — ot
Q7 =2 ( 0 ﬁgru/z)) = 2Hy,
and
{QrF, G+} —2 < 0 P+(1/2) QIPJ;a
we obtain the operators (the explicit forms of P, OZ(O) and
Pot-(l/ ) are given in the appendix)
fa(o+1) + L2 .0
HS_(O) =0 oty + 17 2a)2 } exp (18a> , (4.4)

e~

(ot 1) + (J@)

FHa/2) _
0 2 (oz2 + %)

2
). (2). us
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which satisfy the conditions

(Hy ")
(E]Sr(l/2))2

- (P =0,

— (P2 <, (4.6)

and the commutation relations of the Poincaré algebra.
Instead of (3.12) and (3.16) we have

{Qma jk} = {G

and one can consider H +e) PHS) as the Hamilton and
momentum operators for the mass-zero partlcles

In order to go over to the case with K~ and B_ we
must replace i in Qr, Q”, ri the generator B by B~ and
the generator K by K~. From )7 and

- 0 Uik7/2
Qli_(—é‘ai/Q 0 )

—H 6, GhY=—H 6w, (4.7)

%

o _ 0 VAl(91)3:) DY) (n)
o\ vaD D m)[(g1)2] 0 ’
we obtain
_2 _ o R
Qi =2H,, {Qy,Gy}=-2iF, (4.8)
with
- _  [la=1) L0
K [ 2 | P laa ’
3i
g-am_ | (@=3) ( ) (49
0 1% 2 (Ot — 5) exp 6 ( )
PS(O) _ nH(;(O), f;g(l/2) nH 1/2) (4.10)
For these operators we also have the conditions
(Hy )2 = (Pg ") =0,
(ﬁ(}*(l/Q))2 _ (]58(1/2))2 — 0, (4.11)

and the commutation relations of the Poincaré algebra.
Additionally,

{Q;Za Qr_k;} =
Hy .G =0,

[Py, Q] =0, [Py.G]=0

For the eigenfunctions of H,, ©) and P, ©)
(—o0 <7y < 00)

—H by, (4.12)

(4.13)

we may choose

’

n)=

1 /
v~ (a,n,7, g P Fian)d(n—n). (4.14)
Here the eigenvalues of H ©) are determined by ko =

u%, and the eigenvalues of Pg(o) by k = kon/- For the
(1/2)

eigenfunctions of fl(; (/2 and f’a we have

= 0 O(q,n,y,n)
v~/ (a,n,y,n) =B~ —
) ) ) \/%

(4.15)
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one can find other eigen-

With the help of @, Q,; and G,
functions of H , Py .
If we return to the massive particles with B*+ B~ and

Kt + K™, we can find that in this case the mass in (3.9),
(3.12) and (3.16) may be expressed through the constant
w for the massless particles. Particularly, for the particles
with spin 0 we obtain

HO = O 4 =)
m=(K*B~ + K B%)/2=p.

(4.16
(4.17

~— =

5 Conclusion

We have shown that in the generalized Schrodinger pic-
ture a relativistic superalgebra may be constructed by us-
ing the principal series of the unitary representation of
the Lorentz group. In the construction the Poincaré alge-
bra for the massive particles with spin 0 and spin 1/2 in
terms of the invariant parameter o and the vector on the
light-cone n was used. In this representation we found the
explicit form of the supersymmetry generators. For the
massless case we have used two types of representations
of the supersymmetry generators to construct new Hamil-
ton and momentum operators for such particles with spin
0 and spin 1/2.
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Appendix

Momentum operators

The momentum operators for the massless case in (4.6)
may be written as follows:

1
Par(o) = nHJ(O) — p— exp <ia> NGO, (A1)
a

Oa
P/ [go+(1/2> exp <183)] _ D2 ()
«

2a(nxL) 4+ (e —i/2)nxo + (no)L
% 2(a2 + 1/4)

x D1/2) (n) exp (iaaa)].

(A2)
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